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G.J. VAN DER HEIDEN 

Abstract. In this paper we study the group 

S{a,K) ■- ker {^E{K)/aE{K) — >We{K^) / aE{K^] 

in two cases. In the first case i5 is a Drinfeld module, K a function field 
and (a) a principal prime ideal in the ring A of regular functions which 
occurs in the definition of a Drinfeld module. In the second case E is an 
elliptic curve over a number field K and a is a prime number. We will 
prove that S{a, K) is trivial in the elliptic curve case. In the Drinfeld 
module case we will compute S{a, K) when the Drinfeld module has 
rank 2. We will show in what cases this group is trivial and that it can 
become arbitrarily large. 



1. The Drinfeld module case 

Let X be a projective, smooth, absolutely irreducible curve over Fg, with 
char(Fq) = p, and let (X) G X be some fixed closed point on X. Fq(X) will 
denote the function field of X and A will denote the ring of functions in 
Fq(X) which are regular outside oo. 

Let K be some separable, finite extension of Fg(X), which is also an A- 
algebra via the natural embedding 7 : A — K and let be the separable 
closure of K inside some algebraic closure K^^^ of K. Let K{t} be the skew 
polynomial ring consisting of elements A^jT*, hi G K. Multiplication in 
K{t} is given by the rule rk = k'^r for all k (z K. 

Let 93 be a Drinfeld module over K of rank r, i.e. is a ring homomorphism 

if-.A^ Endw,iGa,K) = K{t}, 
such that for all a E vl 

r deg(a) 

V^a = ^ kiT\ with krdcg{a) G K*, ko = 7(a). 
i=0 

Note that we write ipa instead of 93(a). 

For any field extension L oi K, (f induces an A-module structure on L via 
the embedding K C L, hy 

(^„(/) = kiT\l) = ^ fciZ"' for ah / G L. 
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E{L) denotes L with this A-module structure. 

We write E[a]{L) for kcr(i^a)(L) and moreover aQ for (pa{Q), with Q G E{L). 
Let (a) C ^ be a principal prime ideal of A. The object of study in this 
paper is the kernel 

S{a,K) := ker (^E{K)/aE{K) ^ llE{K^)/aE{K^)^ , 

where the product is taken over all places v of K. 

2. The group S{a, K) 

For any P G E{K), let 

Kp := the splitting field of ipa{Z) -P e K[Z] over K. 

Lemma 2.1. The finite field extensions K C Kq C Kp are Galois. 

Proof. Because -^{ipa{Z) ~ P) = 7(a) 7^ 0, the polynomial ^a{Z) — P is 
separable and hence Kp is a finite Galois extension of K. In particular Kq 
is a Galois extension of K. Moreover for any P, let Q G Kp be a zero of 
iPa{Z) — P, then Kp = Kq{Q), because Q + keic{(paiZ)) is the set of all zeroes 
of (pa{Z) — P. Hence the extension Kp D Kq is also Galois. □ 

Note that ¥q{X) is a function field, i.e., a finite separable extension oi¥q{t), 
for some transcendental clement t G ¥q{X). For function fields, as well as 
for number fields, we have Chebotarev's density theorem, cf. [Jar82]. The 
following lemma is a consequence of this theorem. 

Lemma 2.2. Let K be a function field (resp. a number field) and let L be a 
finite separable extension of K. If for all places v of K there exists a place 
u of L of degree 1, then K = L. 

Proof. Let M be the normal closure of L/K, then both M/L and M/K 

are finite Galois extensions. Let H = Gal(M/L) and G = Gal(M/i^). By 
Chebotarev, every a G G is the Frobenius of some place ji oi M lying above 
some place u of K. This implies that a mod u generates the Galois group 
Gal{k^/kiy), where and k^ denote the residue fields at and respectively. 
Because both AI/K and M/L are Galois, there is a r G G such that the 
conjugate = t(//) of lies above a place lo of L, which has degree 1 over 
u. In particular we see that TaT~^ generates Gal(A;^//A;,/) = Gdl{kni /k^,), 
where the equality follows from the fact that deg(a;/^') = 1. And thus we 
see that rar"^ G i?, so a G t~^Ht. 
We conclude that 

G= [j tHt-^ = [j tHt-\ 

reG THeG/H 

Note that 1 G tHt~^ for all t E G. On the other hand, G equals the 
union of all distinct cosets tH, which is a disjoint union. By comparing 
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the number of elements one sees that this is only possible ii H = G, hence 
K = M^ = = L. □ 

Proposition 2.3. For every class [P] = P + aE{K) G S{a,K) we have 
Kp = Kq. In particular S{a, Kq) = 0. 

Proof. First note that for every Q G aE{K), we have Kq = Kq, hence the 
extension Kp only depends on the class [P] = P + aE{K). 
Let now P G S{a, K) and let be a place of K. Then K C Kq C Kp and 
correspondingly we have places ly, vq and vp, with uq a place of Kq lying 
above u and up a place of Kp lying above uq. 

Because P G S{a, K), there exists a solution of (pa{Z) — P = in K^, hence 
all solutions of this equation lie in {Kq)i,^^. This means that Kq C Kp C 
{Kq)uo- It follows that {Kq)^q = (Kp)^p and in particular deg(^'p/fc'o) = 1. 
Prom lemma's (2.1) and (2.2), it follows that Kp = Kq. 
If [P] G S{a,KQ), then {Kq)p = {Ko)q = Kq, hence P G aE{KQ), thus 
[P] =0. □ 

We write thoughout this paper Gkq = Gal{KQ/K). 

Proposition 2.4. We have 

S{a,K)^f]keT{ReSu>). 

Here the intersection is taken over all places ui of Kq and ReSt^ is the re- 
striction map 

Res^ : H\GK,,E[a]{KQ)) H\D^, E[a]{{KQ)^)), 

where denotes the decomposition group at u. 

Proof. Consider the following diagram: 



1 1 

> C y S{a, K) > S{a, Kq) = 

> * > E{K)/aE{K) > E{Ko)/aE{Ko) 

. B . U.E{K,)/aE{K,) > n^E{Ko,.)/aE(K,.^.). 

Clearly, the second and third row are exact as well as all columns. From this 
it follows that also the first row is exact. Hence we see that S{a, K) = C. 
To determine the groups C and B, we use some Galois cohomology. Starting 
from the exact sequence 

E[a]{K') E{K') ^ E{K') 0, 

we deduce that 

E{K)/aE{K) ^ H^{Gal{KyK),E[a]{K')). 
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By additive Hilbert 90 the cokernel of this map is {Gsl{K^ / K) , E{K^)) = 
0, because E{K^) is here just {K^)'^ , hence 

E{K)/aE{K) ^ H\Gal{KyK),E[a]{K')). 

Similarly we deduce that 

E{Ko)/aE{Ko) ^ H\Gs1{K' / Kq) , E[a]{K')) . 

In particular this means that 

^^H\GKo.E[a]{Ko)). 

Applying the same arguments to K^, and Kq^^, for some place v K and 
uj of Kq lying above v, we deduce 

ker {E{K,)/aE{K,) E{Ko,oj)/aE{Ko,oj)) = H\D^, E[a]{Ko,oj)), 

where denotes the decomposition group at oo. This isomorphism implies 
that 

B = llf]H\D^,E[a]{Ko,o:)), 

where the product runs over all places v ol K. If we furthermore note that 
the map ReSj^ only depends on the place v underlying w, it follows that C 
is the kernel of the map ReSt^,, with Res^; as in the proposition. □ 

3. The group U^{GK,,.E\a\{KQ)) 

In the following we will write F = Aj{a) and V = E[a\{Ko). For all field 
extensions L D Kq, we have V = E[a]{L). Note that F is a field extension 
of Fq, because (a) is prime. It is well-known that V = W^, where r is the 
rank of (p. The action of a € Gkq on elements in Kq commutes with the 
action of ipf for all f E A and hence we have a representation 

Gko ^ G1,(F), 

which is an embedding because Kq is given by adjoining the elements of V, 
which are the zeroes of (pa{Z), to K. 

Proposition 3.1. For every Drinfeld module of rank 1, we have S{a,K) = 
0. 

Proof. Note that Gro ^ F* and thus p| #Gko , but p does divide #F = #F, 
hence H^{Gko,V) = 0. □ 

Proposition 3.2. Let ¥ be a finite field of characteristic p and let W be an 
¥ -vectorspace of dimension r. If¥^¥2, then 

H^{Glri¥),W) = 0. 

Ifp^2, then 

H\Slr{¥),W) = 0. 
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Proof. For the first part, note that if F 7^ F2, then we may choose a G F*, 
such that a 7^ 1. Hence H = (al) is a non-trivial normal subgroup of 
GV(F). Note that = 0. Moreover H^{H, W) = 0, because this group is 
annihilated by both which is prime to p, and p. By the exact sequence 

= H\Glr{¥)/H, W") — > H\Glr{¥), W) — > H\H, W) = 0, 

the first statement follows. 

For the second part, wc let H be the normal subgroup of Slr(F) consisting 
of the diagonal matrices, whose diagonal entries are 1 or —1. If r > 1, then 
H is not trivial and = 0. Moreover | 2'', hence H^{H,W) = 0, 
because it is annihilated by both 2 and p Applying the same sequence 
as in the proof of the first part gives the result. □ 

Remark 3.3. For rank r = 2 the Galois group Gk^ is gcncrically Gl2(F), cf. 
[GarOl]. It is conjectured that for arbitrary rank this is also true, i.e. the 
Galois group is generically Glr.(F). Proposition (3.2) states that given this 
conjecture, S{a,K) is generically 0. 

4. The rank 2 case. 

From now on we will assume that the rank of the Drinfeld module is 2. 
Throughout the rest of this paper H will denote 

H := Gk, n Sl2(F). 
Note that is a normal subgroup of Gkq and that pj [Gkq '■ H], hence 

H\Gko/H,V") = 

and we see by group cohomology that 

H\Gko,V) ^ H\H,V). 

The classification of subgroups Sl2(Fq) from [Suz82] shows that H is one of 
the following. 

(1) p! #h. 

(2) D2n', in this case p = 2 and n is odd. 

(3) A5; in this case p = 3. 

(4) Sl2(Fpfc), where F^,* C F,,. 

(5) (Sl2(Fj,fe), ^ Q ^), where generates F^k, but A ¥pk. 

(6) H is a Borel group, i.e., H has a normal abelian p-Sylow subgroup 
Q, such that H/Q is cyclic of order dividing #F*. 

In the following proposition we deal with most of the subgroups in the 
classification. 

Theorem 4.1. If H is of type (1) or (2) or if p > 2 and 2 | #H, then 

H\H,V) = 0. 

Consequently, in all these cases S{a,K) = 0. 



6 



G.J. VAN DER HEIDEN 



Proof. We consider the different types of H: 

Type (1). H^{H, V) is annihilated by both p and #H, hence 

H^{H, V) = 0. 

Type (2). In this case p = 2. We consider the following exact sequence, 
where x is one of the generators of order 2 of D2n 

H\D2n,V) ^ H\{x),V) ^ H\D2n,V). 

Now by [Ser79] Cor o Res = n. Because x is of order 2 and ^? = 2, we may 
assume that 

^=(o 0' 

Proposition (4.3) implies that 

H\{x),V) = 0, 

hence H^{H, V) is annihilated by both 2 and an odd number n. 

Type p > 2 and 2 | . This implies that H contains the non-trivial normal 
subgroup (±1). Now the exact sequence 

= H\H/{±1), H\H, V) H\{±1), V) = 0, 

gives that /f^//, y) = 0. □ 

Remark 4.2. The only cases of the classification which arc not covered by 
this theorem are the cases when H is of type (4) or (5), when p = 2, and H 
is of type (6) (such that 2/ #H). 

li p = 2 and H is of type (4), then by [CPS75], table 4.5, we obtain that 
dimp H^{Gko, V) = 1. So if p = 2 and H is of type (4) or (5), this might 
give rise to examples for which S{a, K) is non-trivial. If this is possible, 
then the construction should be analogous to the construction in case H is 
of type (6), which we will give in section (5). 

H of type (6). In the rest of this section we will assume that H is of type (6) 
and we compute H^{H, V). Let Q by the p-Sylow subgroup of H. Clearly 

H\H/Q,V^) = 0, 

because this group is annihilated by both p and #{H/Q), which is prime to 
p. It follows that 

H\Gko,V) H\H,V) -^H\Q,V). 
Let A; G N such that p^ = #Q, then Q = {ai, . . . , a^) and H = {Q, p), where 

^^=(o t)' ^=(o 



dim^ H\Q,V) 
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such that the Aj are Hnearly independent over Fp and a G F* generates H/Q. 
Let T e Q and write Res^,-) for the residue map 

Res^.y. H\H,V) ^ H\{t),V). 

Proposition 4.3. The ¥-vectorspace H^{Q,V) has dimension 

dimppQ ifp>'^ 
-l + dimppQ ifp = 2. 

If H = Q and a G Q is not the identity, then 

dimp ker(ReS(o.)) = -1 + dimpj, Q. 

Proof. We write V = ¥ei + Fe2. Note that V is an F[Q]-module. The 

group ring ¥[Q] is isomorphic to the commutative ring F[(Ti,. . . ,(Jk] with 
only relations af = 1. Write = cTj — 1, then ¥[Q] is the commutative ring 
R = ¥[xi, . . . ,Xk] subject to the relations = and these are the only 
relations. 

Note that F is isomorphic to R/{xi, . . . ,Xk)- To compute H^(Q,V), we 
consider the following free resolution of the i?-module F: 

j^k^kik-i) A, ^fc Jfo, ^ ^ F ^ 0, 

where R linear maps are given as follows: 

o?_i : 1 1-^ 1 mod (xi, . . . , Xfe), 

write bi,... ,bk for generators of R'^ over R, then 

dQ:bi>-^ Xi, 

write ci, . . . ,Ck,Cij with 1 < z < j < A; for the generators of i^'=+2'=('=-i), 
then 

To see that the given sequence is exact, note that ker{do) is generated by 
the elements di{ci),di{cij) for all i,j, because these exactly describe all 
relations in de the ring R. 

From this sequence we arrive at the cocomplex 

yfe+|fc(fe-l) ^ yk ^ Y ^ Q 

with 

do{v) = {xiv, . . .,Xkv), 

and 

di{vi, ...,Vk) = (a^i^^vi, . . .,xl~^Vk, {xiVj - XjVi)i<j). 
To compute ker(di) and im(do), note that the action of on 1^ is given 
by XiCi = and Xje2 = AjCi for all i. From this it follows immedi- 
ately that im((io) is generated over F by the vector (AiCi, . . . , A^ei). Hence 
dimp im((io) = 1- 

To compute ker(di), note that 3p^~^v = for all if p > 2. So if p > 2, then 
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an element of V'^ lies in ker{di) iff Write Vi = Ojei + 6je2, with 

aj, 6i G F, then 

Xi{ajei + 6^62) = Xihjei = Xjiaiei + 6162) = Xjhei. 

Prom this it follows that ker((ii) is generated by 

(ei, 0, . . . , 0), . . . , (0, . . . , 0, ei), (Aie2, . . . , Afee2), 

hence dimp ker((ii) = k + 1. So we see that for p> 2, that dimp H^{Q, V) = 
k. 

If p = 2, then elements in ker((ii) must satisfy x^~^Vi = XiVi = 0, hence 
Vi = Ojei, with ai G F. Hence ker((ii) is contained in the span of 

(ei,0,...,0),...,(0,...,0,ei). 

For vectors in this span clearly also the other equations XiVj = XjVi hold, 
hence this span equals ker((ii) and thus dimFker(cZi) = k. So for p = 2, we 
have dimp H^iQ, V) = k - 1. 

Clearly, by this computation dimr H^{{(t),V) = 1 if p > 2 and if p = 2. 
Prom this the dimension formula for ker(Res^o.^) follows. □ 

Proposition 4.4. Suppose that H ^ Q, say H/Q = {a), with 2/ ord(a). 
Let (5 = 1 z/ord(a) = 3 and p > 2 and 5 = otherwise. Let I = dimp^jc^] F. 
Then 

dimr H\H, = I ? , f ^. 

[ / + otherwise. 

Proof. First note that we may extend the restriction-inflation sequence as 
follows (cf. [Ser79]): 

— >H\H/Q,V^) — ^H\H,V) — ^H\Q,V)"/^ — ^H^{H/Q,V^), 

which induces an isomorphism 

H\H,V)^ H\Q,Vf/'^, 

because H\H/Q,V'^) = H^{H/Q,V^) = 0. 

We will now compute the iJ/Q-invariant cocycle classes in H^{Q,V). We 
will use the following notation: for a cocycle ^ : Q — > V we write 

We write x : F — > F for the map x : X x\ and y : F — > F for the 
second coordinate, then the cocycle relations and the relations between the 
elements in Q imply that x and y are determined by the following relations: 

(la) x{p + X) = x{n) + x{X) + Xiiy{l) 

(16) y(A) = Ay(l) and j/(l) = if p = 2. 

So we see that in particular that y is F-linear. Let 

fa OA 
^=^0 a-i J' 
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where a is as in the proposition. The action of H/Q on cocycles is given as 
follows: the cocycle maps a i— > ^{pa p~^) . An easy computation now 
shows that a cocycle class [^] represented by a cocycle ^ is invariant under 
H/Q when there is a coboundary rj, given by (mi, 771,2) £ V, such that for 
all ax G Q, 

Let now fj be the coboundary given by (0, -^zii) ^ ^ ■ easy computation 
shows that if we replace C by ^ — r/, then for this ^ the following equation 
holds: 

(2) p-^eK2A) = eK). 

This ^ represents the class [^] uniquely and the relations read in coordinates: 

(2a) a-'^xia'^X) = x{\) 
(26) ay{a^\) = y{\). 

So if we let W be the F-vectorspace consisting of tuples {x,y), where x : 
F — > F is subject to the relations (la) and (2a) and y : F — > F is subject 
to the relations (16) and (25), then dimp H^{H,V) = dimple. We will 
compute the latter dimension. 

(16) and (26) imply that a^y{l) = y{l)- So either y = or a has order 3 
and then y is determined by y(l). 

If we let Xi,...,Xi be generators of F over Fp[a], where I = dimp^j^j F, 
then by (la) and (2a), x is determined by x{Xi), with i = 1,. . . ,1. Hence 
dimp W <l + 6. 

Suppose that y(l) = 0, then x is Fp-lincar. Let h be the minimal polynomial 
of a^, then for each A G F, we have = x{h(a^)\) = h{a)x{\). Hence if 
h{a) 7^ 0, i.e. if h is not the minimal polynomial of a, then x(A) = 0. Note 
that h is the minimal polynomial of a iff = for some j G N. Moreover 
if (5 = 1, then the order of a is 3, i.e. + a + 1 = and in particular this 
means that = a^. So we see that if aP^ 7^ a, then x{X) = y{\) = 0, hence 
dimvH^iH,V) = 0. 

Suppose now that = and let y(l) = 0, then x is not only Fp-linear, 
bTit even Fj,[a]-semi linear. This means that the F-subspace of W consisting 
of the tuples {x,y), with y = 0, has dimension dimp^j^] F' = /. 
If (5 = 0, then this subspace equals W and we see dim^ H^{H, V) = I + 6. If 
6 = 1, then the dimension of W is either / or Z + 1. So let (5 = 1, then p> 2 
and ord(a) = 3. Suppose that y{l) ^ and let x : F — > F be given by 
x{X) = cX^, where c = ^y(l). Then one checks easily that x has property 
(la). And because ord(Q;) = 3, it has property (2a) as well. This shows that 
W contains an element (x, y) with y j^O, hence dimp H^{H, V) = l + S. □ 

In the following lemma, we show that ker(Res^CT)) does not depend on the 
choice of 1 7^ (7 G Q. 

Lemma 4.5. For all (7,t E Q, with both a and r not the identity, we have 
ker (Res ^g.) ) = ker (Res ^^r) ) • 



10 G.J. VAN DER HEIDEN 

Proof. For p = 2, by proposition (4.3) H^{{a), V) = 0, hence ker(Res^o.)) = 
H^{H,V) for all a G Q. 
Let now p > 2. Note that 

ker(Res(,)) = H\H, V) n keiiH\Q, V) H\{a), V)), 

because H^(H, V) ^ H^{Q, V), so wc may assume that H = Q. 
Clearly, if a and r are linearly dependent over Fp, then (a) = (r), so 
ker(Res^cr)) = ker(Res^T-^). If a and r are independent over Fp, then we may 
extend them to a basis (o"i, . . . , cjfc), with a = ai,T = 02 and k = diniiPp Q. 
We write V = Fei + Fe2 such that the ais are upper triangular on the basis 
{61,62}. Note that the kernel of Res^g.,^ is the image of 

^Hom(g/(ai),F-ei) 

under the injective inflation map. The inflation map 

Inf :Hom(Q/(ai),F-ei) ^i/i(Q,F) 

is given by ^ 1— > [^], such that if ^([(Jj]) = aj G F, j 7^ z, then ^ is the cocycle 
given by 

^(a,) = (a,-,0) e j^i and ^(ai) = (0,0). 
Now we will show that ker(ReSo-;.) C ker(ReSo-;). If [^] G ker(ReSo-^), it 
comes from a ^ as mentioned above. Now let 77 be a coboundary given by 
(mi, 771,2) G V, hence 

r] : (Ajm2, 0) for all i. 

We choose m2 such that A/m2 + a/ = 0, then by construction there is a 
^ G Hom((5/((Ti), F • ei) such that ResCT;(^) = + ??]• This shows that 
K] = [e + r?]Gker(Res,J. 

□ 

Recall that for any place u of Kq the map Res^, is the restriction map 
Res^ : H\Gk,,V) H\D^,V). 

Proposition 4.6. Let if : A — > K{t} he a Drinfeld module of rank 2 and 
let H = Gkq n Sl2(F) be of type (6), with p-Sylow group Q. Let 1 a E Q, 
then 

S{a,K) = keTiH\GKo,V) H\{a),V)) f] ker(Res^), 

where the intersection is taken over places u) of Kq . This intersection is 
finite. 

Proof. Suppose that uj is any place of Kq. If pj( ^D^, then ker(ReSt^;) — 
H^{Gko,V), because H^{D^, V) = 0. 
If p\#D^, hut p^l(#D^, then 

ker(Res^) C keT{H\GKo,V) H^{{a),V)), 
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because H^{D^,H) ^ H^{{a),V). By Chebotarev's density theorem, it 
follows that there exists a place u of Kq with D^^ = {a), from which the 
theorem follows. 

For the finiteness of the intersection, note if | #Di^, then lo is ramified 
and there are only finitely many ramified places. □ 

Remark 4.7. Clearly, keT{H'^{GKo,V) — > H^{{a),V)) C ker(ReS(^)), with 
Res(^) : H^{H,V) — > H^{{a),V) as before. Hence (4.6) combined with 
(4.4) and (4.3) gives a bound on dimp ^(a, K). 

Corollary 4.8. If (p is a Drinfeld module of rank 2 over ¥p, p > 2 prime 

and (a) C A is a prime ideal of degree 1, then S{a, K) = 0. 

Proof. In this case we have by theorem (4.6) that S{a^ K) = Res^^.^ and be- 
cause H^{GKo:y) embeds into H^{Q,V), we have by lemma (4.5), that 
dmi-^ S{a,K) < — 1 -|- dimp^ Q. Note that now Gkq C Gl2(Fp), hence 
dimjTp Q = 1. □ 

The proof of theorem (6.1) is similar to the proof of this corollary. 



5. Examples of non-trivial S{a,K) 

Example 5.1. Let A = ¥q[t], where char(Fg) > 2 and let K = ¥q{t). Let 
: A — > K{t} be a Drinfeld module of rank 2 given hy ipt = t + tr + t'^r'^. 
We let Ko = i^(ker((^t)), then Gal{Ko/K) C GhiWg). 

We consider the decomposition group Dt. Clearly, the Newton polygon of 
ipt{Z) has two slopes, namely and To factor (pt{Z) in ¥q{{t))[Z], we 

need at least a completely ramified extension of degree q{q — 1) of Fg((i)). 
Hence n Sl2(F^) contains a subgroup of q elements. If we compare this 
with the classification of subgroups of Sl2(Fg) in section (4), we see that 
Df contains F^ as a subgroup. We conclude that Gal(i^o/-f^) contains a 

subgroup isomorphic to 

Recall that a system of Artin-Schreier equations over some Fp-field M 

' zf-zi=fi /iGM 
< : 

Zn Zn = fn fn G 

is called independent over M, if for all Aj G Fp, such that not all Aj are 0, 
the equation — z = Yll=i ^ifi ^'^ solutions in M. Such a system gives 
rise to a tower of field extensions M = Mq C Mi C . . . C M„ where the 
extension Mi/Mi^i is given by z^ — Zi = fi and is of degree p. 

Example 5.2. Let q = p^,p> 2 and let 



^ : ¥q[t] K{t}, 
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be a Drinfeld module of rank 2, such that Gal{K(keT{(ft)/K) contains a 
subgroup isomorphic to 

H=(l 



1 

e.g. the examples of (5.1). We write 

(ft=t + tClT + tC2T'^, Cl,C2&K, 

hence Kq is the splitting field of the equation 

(1) l + ciZ«-i + C2Z«'-i = 0. 

Furthermore there exist elements P,Q & Kq, such that ker((/3() = ¥q ■ P + 
¥q ■ Q. We let L = . Because Gal(Ko/L) = H, we may assume that 

PeL. 

If we substitute U = Z'^~^ in (1), we get 

(2) l + ciC/ + C2C/«+^ = 0. 

Let Li be the splitting field of (2), then we have the field inclusion L C Li C 
Kq, where the latter field extension is given by the equation U = Z'^~^. This 
implies that [Kq : Li] \ q — 1, but [Kq : L] = #H = q, hence Li = Kq. This 
shows that Kq is the splitting field of (2) over L. 

Because P G L, we already know a solution of (2), namely u = P*~^. 
Substituting V = U — u m (1) gives 

l + ci{V + u)+ C2{V + u)(F« + n«) = ciF + csFu* + CiuV^ + C2F«+^ 

Subsequently we divide out V and substitute W = V~^, which shows that 
Kq/L is the splitting field of the equation 

(3) w^ + ^^W+^^ = 0. 

C\ + C2Ul Cl + C2Ul 

To simplify this equation a little more, we consider it over the extension 

L{b) of L, with 69-1 ^ Because [L{b) : L] \ q - I, the degree of 

M := L(b) over L is relatively prime to q, hence the splitting field Mq := 
KQ{b) of (3) over M also has Galois group Gal(Mo/M) ^ H. 
Substituting bX = in (3) gives 

Xi-X = f, where / = — . 

bu 

The following theorem shows that S{a, K) can be arbitrarily large. 

Theorem 5.3. For any k G N>o, there exists a function field K, a Drinfeld 
module ip : A — > K{t} and a prime ideal (a) C A, such that dimp S{a, K) = 
k. 

Proof. Let q = for some integer k > 1 and p > 2 a prime. The computa- 
tions of example (5.1) and (5.2) show that there is a Drinfeld module <^ over 
some function field M, such that Mq = M(ker(<^t)) is a Galois extension 
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with Galois group H 



1 F„ 



and moreover this extension Mq/M is 



1 

an Artin-Schreier extension given by 

(4) Xi-X = f, / G M. 
This extension is also given by the system of Artin-Schreier equations 



(5) 



cl-Xk = (3kf 



where the (3i G are linearly independent over Fp. To see this, write 
z = Yli=i '^i^i, with ai G ¥q. An easy computation shows that 2 is a 
solution of X'^ — X = f a and only if 



/ /9i 
PI 



(3k \ 

PI 



PI 



J 



02 



/ 1 \ 





Because this matrix is invertible (cf. [Gos96]), it follows that (5) is indeed 
equivalent to X* — X = f. 

Now we consider the extension M{zi)/M, given by — zi = f3if — gi, 
where we choose gi as follows: for the finitely many places ly of M, for which 
v^if) < 0, we let v,y{gi) > and for one place uq for which v,yg{f) > 0, we let 
Vuoigi) = ~1- Such a gi exists, cf. [Bou89], corollary VI. 2.1. The condition 
Vugig) = —1, makes sure that system given by (5) and the equation for zi is 
independent: Namely, by Hensel's lemma all equations of (5) have solutions 
in , whereas the equation for zi gives rise to a totally ramified extension 
of degree p. 

We conclude that (5) is still independent over M{zi). Now we consider 
M{zi,Z2)/M{zi) given by — -^2 = P2f + 92- We choose g2 in the same 
way as we chose gi, with M replaced by M{z\). This implies that (5) is in- 
dependent over M{zi, Z2). By repeating this we get that (5) is independent 
over the field M{zi, . . . , Zk-i)- 

Let L/M{zi, . . . ,2;fc_i) be the field extension given by (5), then its Galois 
group is H. Let be a place of M{zi, . . . , z^^i) and let Vy be its corre- 
sponding valuation. Let a; be a place of L lying above v. We distinguish 
the following cases. 

(a) Vv{f) > 0, in this case we see that the equations of (5) are over the 
residue field given by — Xi = 0, hence they split completely over 
the residue field. Hensel's lemma implies that D^^ is trivial. 

(b) = 0, then also v,y{Pif) = 0, hence all equations of (5) are over 
the residue field given hy x^ — Xi = ai, with Oi in the residue field. 
Hence all equations only give rise to a residue field extension. This 
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shows that i/ is in L and thus is cyclic and can have at most p 

elements, because the elements of H have at most order p. 
(c) v^{f) < 0. Note that the equations — Xi = Pif are equivalent 
to yf - Ui = Qi by substituting = Zi - Xi, for z = 1, . . . , - 1. 
Because by construction v^{gi) > 0, it follows that these equations 
give a trivial extension at i'. So only the equation x-^ — Xk = (3k f can 
give rise to a non-trivial extension, but this extension has at most 
degree p, hence can at most have p elements. 
We see that at any place uj, the decomposition group D^^ has at most p 
elements. This means that for the non- trivial D^, the kernel ker(Res£^) has 
dimension 

dimp^ ker(ReStj) = — 1 + dimp^ H^{H, V) = k — 1, 
by proposition (4.3). Hence it follows by proposition (4.5), that 
dimp, S(t,M(zi, . . .,Zk-i)) = k - I. 

□ 

6. The elliptic curve case 

In this section wc will treat the analogous problem for elliptic curves. Let 
E be an elliptic curve over some number field K and let € N be a prime 
number. For any P G E{K) we denote Kp = K{p~^P). In this section we 
will prove the following theorem: 

Theorem 6.1. Let E he an elliptic curve over a number field K, let p be a 
prime number, then the kernel 

S{p,K) = ker (^E{K)/pE{K) YlE{K,)/pEiK,)j , 

where v runs through the places of K, is trivial. 

As before, we will write Gko = Gs1{Kq/K). Because E\p]{K) ^ FpP+FpQ, 
with P,Q & Kq, we see that 

Gko Gh{¥p). 
Clearly Kq C Kp. We will denote V = E\p]{Ko) = E\p]{Ko^^). 

Proposition 6.2. For every P mod pE{K) G S{p,K), we have Kp = Kq. 
In particular S{p, Kq) = 0. 

Proof. For every Q £ pE{K), clearly Kq = Kq, hence Kp only depends on 
the class [P] =P + pE{K). Furthermore, if P G S{p,K), then P G pE{K^) 
for every place z/ of K. If we let uq be a place of Kq lying above v and fp 
be a place of Kp lying above uq, then this implies that {Ky)p C Kq^^,^. This 
gives rise to an embedding Kq C Kp C Kq^^^, hence deg{vp/vQ) = 1. By 
lemma (2.2) it follows that Kp = Kq. 

Now S{p, Kq) = as in (2.3). □ 
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Proposition 6.3. We have that 

S{p,K) C p|ker(ReSa;), 

where the intersection is taken over all places u of Kg and the map Kes^, is 
the restriction map 

Res^ : H^Gko,V) H\D^,V), 
with the decomposition group at u. 

Proof. As in the proof of (2.4), we have the following diagram with exact 
rows and columns: 



1 1 

yC y S{p,K) > S{p,Ko)=0 

> * > E{K)/pE{K) > E{Ko)/pE{Ko) 

. B > U.EiK,)/pE{K,) > U^E{Ko,.)/pE{Ko,.). 



Applying the same arguments of Galois cohomology as in the proof of propo- 
sition (2.4) we obtain injections E{L)/pE{L) ^ {G3l{K / L) , E\p\{K) for 
L = K and L = Kq. This gives rise to an embedding $ ^ H^{Gko, 
Arguing in the same way we get an embedding 

where the product runs over all places u oi K. This implies that 

C ^ P|ker(Res^). 

□ 

Let H = Gko n Sl2(Fp). As before we have 

H\Gk„V) H\H,V). 

Because H C Sl2(Fp) we have that H is one of the following, cf. the classi- 
fication in section (4): 

(1) p! #h. 

(2) D2; in this case p = 2. 

(3) Sh{¥p). 

(4) H is a Borcl group, i.e. H has a cyclic normal subgroup Q = (a) of 
order p and H/Q is cyclic of order dividing p — 1. 

Proposition 6.4. If H is of type (1), (2) or (3), then H^{Gko,V) = 0. 
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Proof. Except for the case H = Sl2(F2), this follows from (4.1). So let H = 

312(1^2) and let a ^ H be an element of order 2. The group H^{{a), T^) = - 
this is (4.3), with p = 2 and Q = (a). Consider the restriction-corestriction 
sequence 

H\H, V) ^ H\{a), V) ^ H\H, V). 
Then Cor o Res = [H : (a)], hence 

[H ■.{a)]H\H,V) = 0. 

Because [H : (a)] is relatively prime to 2, it follows that H^{H, V) = 0. □ 

Proof. Of theorem (6.1). Because S{a,K) ^ H^{H,V), we know by (6.4) 
that if H is not of type (4), then S{a,K) = 0. Suppose now that H is of 
type (4) and let a & H be an element of order p. Then by Chebotarev and 
(6.3), we have S{a,K) ^ ker(Res^(^^). By (4.3), this kernel has dimension 
-1 + dimpp Q = -1 + 1 = 0. □ 
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